In this investigation, we have studied the problem of peristaltic ow with heat transfer through the gap between coaxial inclined tubes where the inner tube is rigid and the outer tube has sinusoidal wave travelling down its wall. The problem has been formulated in cylindrical coordinate system. The equations governing the ow have been simpli ed under the long wavelength and low Reynolds number assumptions. The exact solution is obtained for the temperature pro le. The perturbation solutions for the velocity and pressure gradient are obtained for small couple stress parameter. Pressure di erence per wavelength and frictional forces on the tube walls have been computed numerically. Results are demonstrated for various ow parameters. The better pumping results occur in vertical tube, while less pumping is seen in horizontal tube. The size of trapped bolus is small in triangular wave as compared to other waves. The present study has a wide range of applications in bio-medical engineering like the transport phenomenon in peristaltic micro pumps.
Introduction
The study of non-Newtonian uid ows has gained much attention of the researchers because of its many applications in physiology, technology and industry. Such uids exhibit a non-linear relationship between the stress and the rate of strain. Most of the slurries, polymer solu-*Corresponding Author: K. Ramesh, Department of Mathematics, Lovely Professional University, Jalandhar, 144411 India, E-mail: ramesh.katta1@gmail.com M. Devakar, Department of Mathematics, Visvesvaraya National Institute of Technology, Nagpur 440010, India tions, pharmaceutical formulations, cosmetics, toiletries, paints, biological uids, food products, agricultural and dairy wastes are treated as non-Newtonian uids. Couple stress uid theory is one of the non-Newtonian uid theories developed by Stokes in 1966 . The couple stress uid theory is one among the polar uid theories which considers couple stresses in addition to the classical Cauchy stress. It is the simplest generalization of the classical theory of Newtonian uids which allows for polar e ects such as the presence of couple stresses and body couples (Devakar and Iyengar, 2008) . Studies pertaining to the couple stress uid behaviour are very useful, because such studies bear the potential to better explain the behaviour of rheological complex uids, such as liquid crystals, colloidal uids, liquid containing long-chain molecules as polymer suspensions, lubrication as well as human and animal blood (Ramzan et al., 2013) . In view of enormous applications, many researchers have studied the ows of couple stress uid in di erent geometries. Devakar and Iyengar (2010) have studied the run up ow of an incompressible couple stress uid between parallel plates. Recently, Devakar et al. (2014a, b) have obtained the analytical solutions of couple stress uid ows in parallel plate and cylindrical pipe geometries with slip boundary conditions. Srinivasacharya and Kaladhar (2014) have analyzed the mixed convection ow of chemically reacting couple stress uid in a vertical channel with Soret and Dufour e ects. Srivastava (1985) studied the e ects of an axially symmetric mild stenosis on the ow of blood, when blood is represented by a couple stress uid model. Khan et al. (2013) have investigated the approximate solution of the couple stress uid equations in a semi-in nite rectangular channel with porous and uniformly expanding or contracting walls. Srinivasacharya and Srikanth (2012) have considered the oscillatory ow of an incompressible couple stress uid through an annulus with mild constriction at the outer wall. Ramana Murthy and Srinivas (2014) have studied the rst and second law analysis for the magnetohydrodynamic ow of two immiscible couple stress uids between two parallel plates.
Peristaltic motion has gained considerable importance because of its applications in physiology, engineering and industry. Peristalsis is now well known to the physiologists to be one of the major mechanisms for uid transport in many biological systems. This mechanism is a natural cause of motion of uids in the body of living creatures. In particular, peristaltic mechanism is involved in swallowing food through the esophagus, urine transport from kidney to bladder through the ureter, movement of lymphatic uids in lymphatic vessels, bile ow from the gall bladder into the duodenum, movement of spermatozoa in the ductus e erentes of the male reproductive tract, ovum movement in the fallopian tube, blood circulation in the small blood vessels and the movement of the chyme in the gastrointestinal tract. Peristaltic pumping is also used in medical instruments such as heart-lung machine and blood pump machine etc. Keeping diverse applications of peristaltic ows in mind, a large number of theoretical and numerical works have been presented on this topic. Nadeem and Akram (2010) have discussed the peristaltic ow of a Je rey uid in a rectangular duct. have investigated the heat and mass transfer analysis on peristaltic ow of a third order uid in a diverging tube. Hayat et al. (2011) have studied the in uence of compliant wall properties and heat transfer on the peristaltic ow of an incompressible viscous uid in a curved channel. Wang et al. (2011) have discussed the magnetohydrodynamic ow of a micropolar uid in a circular cylindrical tube. Abd-Alla and Abo-Dahab (2015) have studied the e ects of magnetic eld and rotation on peristaltic transport of a Je rey uid in an asymmetric channel. Devakar (2015, 2017) have investigated the in uence of heat and mass transfer on magnetohydrodynamic peristaltic ow of pseudoplastic uid and couple stress uid in a vertical asymmetric channel through porous medium. All the works that are mentioned above are carried out under the long wavelength and low Reynolds number assumptions. Ellahi et al. (2017a) have presented the homotopy perturbation solutions for the peristaltic ow of a magnetohydrodynamic non-Newtonian Carreau uid in a uniform duct of rectangular cross section. Khan et al. (2016a) have used perturbation method to study the peristaltic ow of a psedoplastic uid with variable viscosity in an asymmetric channel. Hina et al. (2015a) have given the analytical solutions for the peristaltic motion of an electrically conducting couple stress uid in a channel with complaint walls. Shahzadi et al. (2017a) have studied the biomathematical analysis for the peristaltic ow of single wall carbon nanotubes under the impact of variable viscosity. Hina and Nadeem (2017) have considered the peristaltic ow of a Rabinowitsch uid model in a non-uniform tube with combined e ects of viscous dissipation and convective boundary conditions. The similar studies can be seen through the references Ellahi et al. (2016a Ellahi et al. ( , 2016b Ellahi et al. ( , 2017b ; Bhatti et al. (2016a) ; Shahzadi and Nadeem (2017a) and Akram and Nadeem (2017) , and the references therein.
The e ects of an endoscope on the peristaltic ow is very important for medical diagnosis and it has many clinical applications. It is a very important tool for determining real reasons responsible for many problems in human organs in which the uid are transported by peristaltic pumping. The endoscope is also like a catheter which is used in contemporary medical science. Few researchers have studied the peristaltic ow problems with endoscope in various situations. Mekheimer and Abd elmaboud (2008a) have discussed the in uence of an endoscope on the peristaltic ow of a couple stress uid in an annulus. Tripathi (2011) presented the e ect of endoscope on peristaltic transport of fractional Maxwell uids through the gap between two concentric uniform tubes. Heat transfer analysis is important especially in the case of non-Newtonian physiological ows. Heat transfer involve many intricate processes like heat conduction in tissues, heat perfusion in arterial-venous blood, metabolic heat generation and external interactions such as electromagnetic radiation emitted from cell phones. It is also helpful in the treatment of diseases like removal of undesirable tissues in cancer. In view of this, many investigators have attempted heat transfer analysis in diverse situations in peristaltic transport. Vajravelu et al. (2007) have presented the peristaltic ow and heat transfer in a vertical porous annulus. Mekheimer and Abd elmaboud (2008b) have investigated the in uence of heat transfer and magnetic eld on peristaltic transport of a Newto-nian uid in a vertical annulus. Akbar (2010, 2011) have studied the in uence of temperature dependent viscosity on peristaltic transport of a Newtonian uid in an endoscope and the in uence of heat transfer and variable viscosity in vertical porous annulus with peristalsis. Shahzadi and Nadeem (2017b) In this paper, the e ect of heat transfer on the peristaltic transport of couple stress uid in an inclined tube with endoscope is considered. It is due to many ducts in physiological systems are neither horizontal nor vertical but have some inclination with the axis. Moreover, the small glandular ducts and other tracts of the body are cylindrical in shape, so that we have considered the cylindrical geometry for the present problem. The problem has been formulated under the long wavelength and low Reynolds number assumptions and a perturbation solution is obtained for velocity and pressure gradient. The pressure di erence and frictional forces at the walls have been calculated using numerical integration. The e ect of ow parameters on the uid velocity, pressure gradient, pressure di erence, frictional forces and the temperature are analyzed and results are illustrated through graphs.
Formulation of the problem
Consider the peristaltic ow of an incompressible couple stress uid in an inclined tube with an inserted endoscope. The ow is generated by sinusoidal wave train propagating with constant speed c along the wall of the tube. The endoscope and peristaltic tubes are treated as concentric inner and outer tubes respectively. We choose cylindrical coordinates (R, Z) such that Z-axis is along the center line of the tubes and R is the distance measured radially (see gure 1). The temperature of the inner and outer tubes are T and T respectively. The walls of inner and outer tube are respectively de ned as (Ramesh and Devakar, 2016)
where a is the radius of the inner tube, a is the radius of the outer tube at inlet, b is the wave amplitude, λ is the wavelength, c is the wave speed and t is the time.
The constitutive equations concerning the force stress tensor τ and the couple stress tensor M that arises in the theory of couple stress uids are given by (Srinivasacharya et al., 2009 )
In the above m is trace of M, µ and λ are the viscosity coe cients, C is the body couple vector and η, η are the couple stress viscosity coe cients. These material constants are constrained by the inequalities
Using the equations (3) and (4), the governing equations (in the laboratory frame) for the inclined peristaltic motion of an incompressible couple stress uid in the cylindrical polar coordinates (R, Z) are
where U and W are the velocity components in R and Zdirections respectively, P is the pressure, ρ is the density, µ is the viscosity coe cient, η is the couple stress viscosity coe cient, g is the gravitation due to the acceleration, β T is the thermal expansion coe cient, T is the temperature, α is the inclination angle, cp is the speci c heat, k * is the thermal conductivity and Q is the heat generation parameter. The ow is inherently unsteady in the laboratory frame (R, Z). However, the ow become steady in the wave frame (r, z) moving away from the laboratory frame with speed c in the direction of propagation of the wave. Taking u and w as the velocity components in r and z-directions, the transformations from the laboratory frame to the wave frame are given by
Using the transformations ( ), the governing equations ( )-( ) become
Using the non-dimensional quantities (Ramesh and Devakar, 2016) ,
the governing equations ( )-( ) reduced to,
Reδ u ∂u ∂r
Reδ u ∂w ∂r
RePrδ u ∂θ ∂r
The above partial di erential equations are highly nonlinear and hence it is di cult to solve them analytically. Under the assumption of long wavelength and low Reynolds number the non-linear governing equations ( )-( ) reduced to,
The non-dimensional boundary conditions to be satis ed are
Solution of the problem
Solving equation ( ) with the corresponding boundary conditions ( ) and ( ), the temperature pro le is obtained as:
in which
Due to the complexity of this model, to get the solution of velocity pro le we have used regular perturbation method γ as a perturbation parameter. For perturbation solution, we express w as
Substituting equations ( ) and ( ) in equations ( ), ( ) and ( ), and comparing the like power of γ , we get the zeroth order and rst order systems. Solving these systems with the corresponding boundary conditions, the expression for the velocity is given by w = r + A ln r + A dp dz + B r + B r + B r ln r
The expression for non-dimensional volume ow rate is given by
Using equation ( ) in ( ), the pressure gradient can be obtained as dp dz are given by ∆p λ = dp dz dz; F (i) λ = r − dp dz dz;
where dp dz is given by equation ( ).
Results and discussion
The focus of this section is to examine the role of various ow parameters on velocity, pressure gradient, temperature, pressure di erence, frictional forces at the walls and trapping phenomenon. Fig. 2 displays the behaviour of temperature for di erent values of heat generation parameter β. It is depicted from the gure that, the temperature increases with increase of heat generation parameter β, and the maximum value of the temperature occurs near the middle of the peristaltic tube. It is due to fact that as heat generates during blood ow in physiological systems, there is a signi cant rise in thickness of the boundary layer. Thereby the temperature of the boundary layer enhanced by appreciable extend. The similar observation is seen in the references Devakar (2015, 2016) . Fig. 3 is plotted to see the variation of velocity pro le for di erent values of inclination angle α, Grashof number Gr, wave amplitude ϕ and volume ow rate Θ. It is observed from Figs. 3(a-b) that, the velocity increases near the endoscope and decreases near the tube walls with increase in inclination angle α and Grashof number Gr. The buoyancy forces play a dominant role near the endoscopic tube that's why velocity pro le increases near the endoscopic tube whereas re ux case or viscous forces play a dominant role near the outer wall so velocity pro le contributes to decrease. The similar observation is noted in Nadeem and Hina (2015) . It is depicted from the Fig. 3(c) that, the velocity decreases with increase of wave amplitude ϕ and the situation is reversed with increase of volume ow rate Θ (see Fig. 3(d) ). The pressure gradient is illustrated in Fig. 4 for di erent values of couple stress parameter γ, inclination angle α, Grashof number Gr and volume ow rate Θ. It is noticed from these gures that, in the wider part of the tube z ∈ ( , . ) and z ∈ ( , . ), the pressure gradient is relatively small. i.e., the ow can easily pass without the imposition of a large pressure gradient. On the other hand, in the narrow part of the tube z ∈ ( . , ), the pressure gradient is large for given volume ow rate, that means a much larger pressure gradient is required to maintain the same ux to pass it. Moreover, it is seen from the Fig. 4(a) that, pressure gradient decreases with increase of couple stress parameter γ. As γ = η/µa , decrease of couple stress parameter γ gives couple stress to Newtonian uid model. Hence, it can be concluded that less pressure gradient is required for the ow of uid in Newtonian uid model than the couple stress uid model. Fig. 4(b) depicts that, the pressure gradient is an increasing function of inclination angle α. This shows that pressure gradient increases from horizontal to vertical tube. It is noted from Figs. 4(cd) that, increasing of Grashof number Gr and volume ow rate Θ increases the pressure gradient. The similar trend is observed in Ramesh and Devakar (2016) . The e ects of various parameters on the pressure di erence ∆p λ are shown in Fig. 5 . We split the whole graph into four regions as follows: peristaltic pumping region (∆p λ > , Θ > ), augmented pumping region (∆p λ < , Θ > ), retrograde pumping region (∆p λ > , Θ < ) and free pumping region (∆p λ = ). In the Peristaltic pumping region, the positive value of Θ is entirely due to the peristalsis after overcoming the pressure di erence. In augmented pumping region, a negative pressure di erence assists the ow due to the peristalsis of the walls. In retrograde pumping region, the ow is opposite to the direction of the peristaltic motion and in the free pumping region, the ow is caused purely by the peristalsis of the walls. It is depicted from the Fig. 5(a) that, the pumping rate increases in the retrograde pumping region and decreases in the augmented pumping region with increasing of radius ratio ϵ. Pumping rate increases with increasing of inclination angle α and heat generation parameter β in all the pumping regions (see Figs. 5(b-c) ). It is also seen that, best pumping occurs from horizontal tube to vertical tube. It is noted from the Fig. 5(d) that, the pumping rate is a decreasing function of couple stress parameter γ and the best pumping can be seen in Newtonian uid as compared to the couple stress uid. It can be observed that, the pressure di erence and volume ow rate are inversely proportional to each other. Fig. 6 describes the variations of frictional forces on the peristaltic tube. It is observed from these gures that, the frictional forces have quite opposite features when compared with the pressure di erence.
Trapping is an interesting phenomenon in peristaltic motion. It is basically the formation of an internally circulating bolus of uid by the closed streamlines. The trapped bolus pushes ahead along with the peristaltic wave. Fig. 7 shows the trapping phenomenon for di erent values of radius ratio ϵ. It is seen that with the increase of radius ratio ϵ, the size of the trapped bolus increases. Fig. 8 is plotted to see the trapping phenomenon in di erent peristaltic wave shapes (sinusoidal, triangular, square and trapezoidal). It is noticed that, the size of the trapped bolus in triangular wave is smaller than those in sinusoidal, square and trapezoidal waves.
Conclusions
The perturbation solution of the peristaltic transport of couple stress uid in an inclined tube with the endoscope is obtained. The e ect of heat transfer and couple stresses on the ow variables is analyzed. The pressure di erence and frictional forces have been calculated numerically. The summary of the performed study is as follows:
• The temperature is an increasing function of heat generation parameter.
• The velocity increases near the endoscope and decreases near the peristaltic tube from horizontal tube to vertical tube.
• Pressure gradient decreases with increase of inclination angle, Grashof number and volume ow rate, the trend is reversed in couple stress parameter. • Better pumping is seen in the vertical tube as compared to the horizontal tube.
•
The frictional force and pressure di erence have quite opposite behaviour with involved parameters.
The size of the trapped bolus increases with the increase of radius ratio and the size of trapped bolus for triangular wave is small as compared to the other waves.
The results of Newtonian uid model can be obtained by taking the couple stress parameter γ = in the present study. 
